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Unitary group subjoinings
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Mathematics Department, University of Southampton, Southampton S09 SNH, UK

Received 17 June 1980

Abstract. The subjoining of one compact Lie group H to another such group G is discussed
with particular reference to the cases for which G = U(N) and H=U(n). It is shown that
maximal subjoinings of these unitary groups are specified by means of the monomial
symmetric fu .ctions. Subjoinings, which are defined in terms of mappings between weight
spaces, are studied through the properties of characters of the irreducible representations.
The branching rules corrresponding to subjoinings are found to involve plethysms. Methods
of evaluating the appropriate plethysms are illustrated, some of which make use of
subjoining chains whilst others exploit the Weyl symmetry groups of G and H to obtain
results more directly. The fact that maximal embeddings are special cases of non-maximal
subjoinings is demonstrated and discussed.

1. Introduction

Recently a relation between semi-simple Lie algebras has been introduced by Patera
and Sharp (1980) which includes the embedding of one such algebra in another as a
special case. This generalisation of embedding has been called subjoining.

The definition of subjoining depends upon the existence of a branching rule
projecting the set of weights of each finite-dimensional irreducible representation of
one semi-simple Lie algebra onto a set of weights associated with another semi-simple
Lie algebra. This latter set is, in general, the difference between two sets, each of which
is a set of weights of a collection of finite-dimensional irreducible representations.

Patera et al (1980) have given several examples of subjoinings and a start has been
made on the problem of enumerating all maximal subjoinings. It is shown here that
some of these can be easily understood in terms of the properties of symmetric
functions. In the case of the unitary groups these functions enter the discussion quite
naturally since the characters of the irreducible representations of the unitary groups
are the symmetric functions known as Schiir functions, as pointed out by Littlewood
(1950). Alternative bases for the set of all symmetric functions exist and, after a general
discussion of the nature of subjoinings and their specification in § 2, the power-sum
symmetric functions are shown in § 3 to specify maximal subjoinings of the unitary
group to itself.

In § 4 this idea is generalised through the use of muitiplicative power-sum sym-
metric functions. However, by virtue of their multiplicative nature, this leads to
non-maximal subjoinings.

Following a discussion of the role played by the Weyl symmetry group in relating
equivalent subjoinings, it is shown in § 5 that the monomial symmetric functions serve
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to specify maximal subjoinings. Furthermore the maximal embeddings defined by
Schiir functions are discussed in § 6 where it is demonstrated that they are, in general,
non-maximal subjoinings.

In each of §§ 3, 4, 5 and 6 branching rules are calculated using plethysms of S
functions introduced by Littlewood (1950) and tabulated by, for example, Ibrahim
(1950), Butler and Wybourne (1971) and Vanagas (1971). The fact that these
plethysms are themselves defined by mappings between weight spaces has been
exploited elsewhere (King and Plunkett 1976) and this point is taken up in § 7 in order
to demonstrate the ease with which branchings associated with subjoinings may be
calculated.

Finally, in the concluding § 8, an important step is taken towards the goal of
enumerating all maximal subjoinings.

2. The specification of subjoinings

Following Patera and Sharp (1980, § 6), if g and h are semi-simple Lie algebras of rank
kg and ky, respectively, with k,= ky, then h is said to be subjoined to g, signified by
writing g>h, if and only if there exists a real, k, X k,, matrix 2 such that for all
finite-dimensional, irreducible representations A of g

PWr=Y BLW* (2.1)
F73

where W is the set of weights of A, W* is the set of weights of u, and the summation is
carried out over all finite-dimensional irreducible representations g of h. The branch-
ing multiplicity coefficients B}, are integers: positive, zero or negative.

Since this definition, (2.1), only involves the weights of finite-dimensional
representations of g and h it also serves to define the subjoining of H to G again signified
by writing G > H, where G and H are the compact Lie groups associated with g and h
respectively. It is then possible to redefine the concept of subjoining in terms of the
characters of finite-dimensional representations of compact Lie groups.

The character x4 of a finite-dimensional, unitary, irreducible representation Agof
the compact Lie group G associated with a Lie algebra g of rank k, may be written in the
form

X5° =Y, Mg exp(im . ) (2.2)

where ¢ = (¢, 2, ..., a,) is a set of real class parameters subject to (dg—k,)
constraints (King and Al-Qubanchi 1980). This expansion serves to define the weight
vectors m = (my, ma, ..., My,) and their multiplicities Mbhs in the irreducible
representation Ag. A similar expression may be written down for the characters y 5" of
the irreducible representation my of the compact Lie group H, where ¢ =
(b1, P2y . . ., day,) is a set of real class parameters subject to (dy — ki) constraints if ky, is
the rank of the corresponding Lie algebra h.

With this notation the analogue of (2.1) is the statement that the compact Lie group
H is subjoined to the compact Lie group G if and only if there exists a linear operator Q
which maps the vector of class parameters ¢ of H to a vector ¢ = Q¢ of class
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parameters of G such that for all finite-dimensional irreducible representations Ag of G
XU° = X8 = 2. BuixsH (2.3)
“H

where the summation is carried out over all finite-dimensional irreducible represen-
tations py of H and the branching multiplicities B, are, as before, integers: positive,
Zero or negative.

The self-dual nature of the Euclidean spaces of dimension dg and dy used to specify
the class parameter vectors ¢ and ¢, and the corresponding weight vectors, ensures that

corresponding to Q there exists a weight projection operator P given by

P=Q" (2.4)
which is such that
exp (im. Q) =exp (iPm. ) (2.5)

for all weights m of G and all class parameter vectors ¢ of H. This leads, via (2.2) and its
analogue for the characters of H, to the recovery of (2.1). The action of P on any
particular weight vector m of G is to project it from the weight space of G to that of H.
The only difference between P and % arises from the fact that the definition of P
involves, for convenience, the embedding of the weight spaces of G and H of dimension
kg and k;, in Euclidean spaces of dimension dg and dy respectively. Thus P is a dy X dg
matrix whilst 2 is a k, X k, matrix. Since it is the matrix Q which serves to define the
relationship between characters of G and H it is this dy X dg matrix which is used in
what follows to specify subjoinings.

Following Patera and Sharp (1980) it is convenient to write in place of (2.1) a
symbolic form of (2.3), namely

G>H Ac- Y BiSup. (2.6)
HH

Since the definition of subjoining involves sets of weights associated with irreducible
representations it follows that for a given subjoining Q is not unique. This is best seen
by noting the action of the Weyl symmetry groups which are the symmetry groups of the
weight diagrams of irreducible representations. The actions of typical elements S and T
of the Weyl symmetry groups W and Wy of G and H respectively are such that (King
and Al-Qubanchi 1980, King 1980)

x§$ = x4° and M3ss =Mys for Se Wg (2.7)
XT84 = x 8" and M4s = Mbux for T € Wy (2.8)
It follows that the operator Q appearing in (2.3) may undergo the transformation

Q- SQT for SeWg, TeWy (2.9)

without affecting (2.3) in any way.

In order to specify subjoinings of H to G which are not equivalent with respect to
transformations of the form (2.9) it is not necessary to define the branching multi-
plicities Bﬁg for all py in (2.3) and (2.6) for all Ag. It is only necessary to give these
branching multiplicities for one or, at most, two irreducible representations Ag of G.
The criterion which must be fulfilled is that the branching multiplicities should be
specified for a sufficiently large, but minimal number of irreducible representations Ag
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of G for the projection Pm of every possible weight vector of G to be found by making
use of the linearity of the action of P. This is entirely analogous to the problem,
discussed and solved by Dynkin (1957, page 125), of enumerating embeddings, rather
than subjoinings, of H in G defined up to linear equivalence. Thus for both embeddings
and subjoinings it is sufficient in almost all cases to determine P, and hence Q, up to
equivalence under (2.9) by fixing the branching multiplicities B;S for all uy, where wg
is the defining representation of G. In the case of the groups SO(2k) it is also necessary
to specify the branching of one of the spin representations A..

In the cases for which Q is fixed by the branching of the defining representation wg
of G into irreducible representations of H it is convenient to write

Q=Qcu=0(qw (2.10)

where, in the notation of (2.6), the subjoining is defined by
G>H wc->qu=, BuSuu. (2.11)
(737}

As pointed out by Patera et al (1980), just as there exist chains of group embeddings
so there exist chains of group subjoinings. A subjoining G > H defined by Qgy issaid to
be maximal if there exist no subjoinings G>K and K>H defined by Qgk and Qku
respectively, such that

Qcu = Qg Qkns (2.12)

other than those for which K is isomorphic to G or H with Qgk or Qky defining merely
an automorphism of G or H respectively.

If the subjoining G>H is not maximal then there does exist a subjoining chain
G > K> H such that in the notation of (2.3) and (2.12)

A A A Y
Xu® = Xt = X FexOxud = X 0ok

=ZBVKX0K—ZBVKXd§(H¢

= Y BieBlxyhn (2.13)
VK, MH
so that
BlS —Z BLSBIX. (2.14)

It has been assumed that the class parameters of G, K and H are ¢, @ and ¢ respectively
with

= Qg8 and 0 = Qxud. (2.15)

3. Subjoinings specified by S,

In order to understand the nature of the subjoining relation and to make progress with
the problem of enumerating maximal subjoinings it is instructive to consider the unitary
groups in some detail.
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Each n X n matrix A which is an element of U(n) is conjugate to a diagonal matrix
with diagonal elements exp(i¢1), exp(ig2), . . ., exp(i,). Thus the defining irreducible
representation of U(n), denoted by {1} has character

X3 =Tr A =exp(id:) +exp(iga) + . .. +exp(idn). (3.1)

This is manifestly invariant under permutations of the components of ¢ corresponding
to the fact that the Weyl symmetry group of U(n) is the symmetric group S,.

Each irreducible, covariant tensor representation {u} of U(n) is specified by means
of a partition p = (1, oy .« s n) With 1 =ps= ... = w,, =0. If u is a partition of m
so that wi;+wu2+ ... +u, =m then it is convenient to write u+—m following the
notation of Hall (1959). Littlewood (1950, page 188) showed that

Xfi‘:) =e.(¥x) (3.2)

where
x; = explid;) for i=4L2,...,n, 3.3)

and the notation is again that of Hall (1959) whereby e, (x) denotes a Schiir function or
S function of the indeterminates x4, x5, ..., x,. This has a combinatorial definition in
terms of standard Young tableaux as given by Hall (1959) and Stanley (1971) which
may be used (King and Plunkett 1976) to show that ¢, {x) is indeed a symmetric function
of the components of x. If it is to be understood that the indeterminates x are related to
class parameters ¢ asin (3.3), so that e, (x) is a unitary group character, it is convenient
and conventional to denote this character (3.2) more simply by

{u}=e,. (3.4)

The simplest symmetric functions are the power-sum symmetric functions
S.(x)=Y x]. (3.5

Further symmetric functions are defined muiltiplicatively by
Sp(x)=S,,(x)S,,(x)... (3.6)

where p = (p1, p2, . . .) is a partition. Such a function serves as a generating function for
characters x5 of the symmetric group S, if p is a partition of 7, through the relation due
to Frobenius (1900):

Sp(x)= ; Xb e (x). (3.7)

A particularly important special case of this relation, applicable to (3.3), follows from a
result of Murnaghan (1938, page 134) and takes the form

r—1
S.(x)= T (~1)" €520 (x). (3.8)

With this preambile it is easy to interpret a whole class of subjoinings to the unitary
group analogous to those discussed by Patera ef al (1980) for which 2 is a multiple of
the unit matrix. To be specific the subjoining U(n)> U(n) corresponding to

Q=P=r1 (3.9
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is defined by

X =X, (3.10)
so that
xu' = explivy) +expliva) + ... +expliv,)
=exp(ird1) +explirga) + ... +explird,)

min{r—1,n-1)

=S,(x)= Y (=D, (3.11)

b=0

where use has been made successively of (3.1), (3.10), (3.5), (3.8) and (3.2).
This result (3.11) specifies the subjoining of U(n) to U(n) defined by

Q=QE)=rl (3.12)
and may conveniently be written in the symbolic form
Un)>U(n) {1}> S, =exp(irg ) +explird,) + ... +exp (ird,)
={r}-{r-1, 1}+{r-2,1%— .. .. (3.13)
The corresponding branching rule (2.6) is given by
U(n)>Ul(n) {A}=>S, ®{a} (3.14)

where ® signifies the operation of plethysms introduced by Littlewood (1950, page
206) as a new multiplication of S functions. This is essentially a type of substitutional
operation which applies to any symmetric functions, so that in particular

S, ®{A}=S, ®ex=erx(x,x3,...)=ea®S,={1}®S,. (3.15)

This identity allows the evaluation of the branching rule (3.14) to be made via the
combinatorial methods of Littlewood (1951), Foulkes (1951) or Plunkett (1972).
Alternatively, the use of (3.15) and (3.8) in (3.14) gives

U(n)>U(n) Ay>{r}={r—1, 3+{r=2,13- .. ) ®{A}
:{A}® ({r}_{r_ls 1}+{r_2’ 12}_ o -)

=Y B u} (3.16)

where the branching multiplicities Bm may now be evaluated using the algebra of
plethysms developed by Littlewood (1950, page 290).
An illustrative example is provided by the case r = 3, giving in place of (3.13)

U(n)>U(n) {1}->8;={3}-{21}+{1°}. (3.17)
It follows that
U(n)>U(n) {2}>S: ®{2}={2}®S;
=2}® (3} - {21} +{1%})
={2}®3}-{2}@ 21}+{2}® {1}
= {6} + {42} +{2°} - {51} - {42} - {321} + {37} + {41%}
={6}-{51}+{41%}+{3%} - {321} +{2% (3.18)
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and
{17158 @ {11 ={111®S; = {37} - {321} + 3%} + {2°} - {21} +{1%}, (3.19)

where use has been made of the known plethysms of the form {v} ® {A} as tabulated, for
example, by Butler and Wybourne (1971).

In the case of the subjoining defined by (3.9), or equivalently (3.13), the integer r
need not necessarily be prime. However, as pointed out by Patera et al (1980), such a
subjoining is only maximal if this is the case. Indeed if P = Q =rI = pql it is clear that
the subjoining corresponding to ¥ = pg¢, defined by

U(n)>U(n) {1} 8, =8,, =exp(ipqed1) +exp(ipgd>) + . .. +explipgp,) (3.20)

may be defined by the successive transformations @ = q¢ and ¢r = p@ corresponding to
the existence of the subjoining chain U(n) > U(n) > U(n) with the first stage defined by
Q =Q(S,)=pI and the second by Q = Q(S,) = ¢l so that in accordance with (2.12),
(3.20) is defined by

Q= Q(S,)Q(S,) =plql =pgl = Q(S,,). (3.21)
It follows that the complete chain is specified by
U(n)>U(n)>U(n) {1}>8,~>8,,

and the corresponding branching rule is then

U(n)>U(n)>U(n) A}>S, ®{A}>S,® (S, ®@{A}
=(8,®S,) ®{A}
=S, ® {a}

where use has been made of the associativity of the operation ® to demonstrate that the
result is in accordance with that which may be obtained directly from (3.20).

4. Subjoinings specified by S,

Further subjoinings may now be generated by making use of (3.6) to define the
subjoining of U{n) to U(n®) specified by

U(n")>U(n) {1-8,= ¥ xo{u} (4.1)

wmEr
where p is a partition of r into p non-vanishing parts and use has been made of (3.7) and
(3.4). The corresponding branching rule takes the form

UW)>Um)  a)-S,041=( T xbiml) 42)

u=r

As an example, the case p = (2, 1) defines the subjoining

U(n?)>U(n) {1}>85,= gsxa‘l{u}={3}—{13} (4.3)
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corresponding, in more detail, to

{1} =exp(iyn) +exp(ivn)+ ... +exp(iv,2)
5>S1(x)=(xT+x3+ . HxDx ot L Fx,)
= (exp(i2¢1) +exp(i2d2) + ... +exp(i2¢.))(exp(ip1) + explidz) + ... +explid,))
=exp(i3¢1) +expliRd1+ d2)] +expliCh1 +d3)]+ .. .. (4.4)

Thus with a suitable ordering of these terms the n?x n matrix Q is given by

" 7

3 o 0 .. .0
2 1 0 . . .0
2 0 1
é 0 O L1
=0, )= 4.5
Q=0(;,4) 1 5 0 0 4.5)
0 3 0 .0
0 2 1 . 0
0 0 0 ... 3]

A typical branching then takes the form
U(n*)>Uln) {2}, @2} =@3-{1"h ® {2}
={3l®{2}-3). {I’+{1} e {17
={6}+{42} - {417} - 317} + {217} +{1°). (4.6)
This subjoining is clearly not maximal since it may be defined by the chain:
U(n?) 2 U(n) x U(n)>U(n) x U(n) > U(n)
{1} {1} x{1}>82x81>8,8:=S,,; 4.7)
where
S:={2}-{1% and S ={1} (4.8)
so that for U(n?) 2 U(n) x U(n)>U(n)x U(n) 2 U(n)
{1} {1 x{1}> 2} -{1") x{1} > {2} - {17 . {1}
= {31+ {21} - {21} {17} = 3}~ {1%}, (4.9)

in agreement with (4.3). The use of the chain (4.7) together with (4.8) then gives the
branching

{2} {2} x {21+ {1 {17 > [{(2} - {1*) @ {2 x [{1} ® {2}]
+H{2 - {1 @ {Ix {1} @ {1°]
= ({4} - 31+ {22) x {2} + (12} - 217+ {1 x {17
> {6} +{51}+{42} - {51}~ {42} - {417}~ (3} + {42} + {321} + {2}
+{3%+ {321} +{2*17} - {321} - {31%} - (2%} - {2*1%}
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219+ + 219 +(19
={6}+{42} - {413 - (31*} + {2715} + {19}, (4.10)

in agreement with (4.6).
The non-maximal nature of the subjoining (4.3), as shown by the existence of the
chain (4.7), is also illustrated by the factorisation of Q(S,,;), given in (4.5), in the form

Q(Sz,1) =
(1 0 0 1 ... 0|2 0 0 00 01 o 0]
1 0 00 1 ... 0]]0 2 0 0 O 0|0 1 0
10 0 0 1110 0 2 00 010 0 1
01 0 1 0 0 01 oll1
0 1 0 1 o}jo 0 0 1 0|0 1 0
0 1 0 0O 11L0 O 0 0 O 11L0 0 1]
L(.)O...100...1d
= Q({1} x{1hQ(S> ® {0} +{0} x S))Q({1}+{1} (4.11)
where the three factors correspond to the subjoinings
U(n*)>U(n)x U(n) {1} {1} x {1} (4.12)
Un)yxUr)>Un)xUn) {1} x {0} +{0}x {1} > S, x {0} +{0} x S, 4.13)
U(n)xU(n)>U(n) {1} x{0}+{0} x {1} > {1} +{1}. (4.14)
These in turn yield the branching rules, used already in evaluating (4.10),
U(n?*)=U(n)>U(n) {A}=> X k{uyx{v} (4.15)
U(n)xU(n) >U(n) x U(n) {u}x{w}-> S @ {uhS: ®{#}
=({u} ® Sy) x {v} (4.16)
Un)xU(n)=2Un) {o}x{r}=>Y m%, {p}. 4.17)
f

The coefficients k7, are the Kronecker-product multiplicities of S,, defined by
Xoxo =X KuvXo (4.18)

where A, u, v and p are all partitions of m. Similarly, the coefficients m%,, are the
Kronecker-product multiplicities of U(n) defined by the S-function product

{oXr} =) mi{o} , (4.19)

where p is a partition of r =5 +¢ if o and r are partitions of s and ¢ respectively.
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Just as (4.3) is not maximal, so for p >1 the subjoining (4.2) is not maximal as
indicated by the existence of the chain

UnP)o2UR)xUm)x ... xUn)>Uk)x ... xUn)>Un)

{1} {1} x{1}x ... x{1}>8,, xS, X ... X§, »8,8,,...5,, =S,
(4.20)

Clearly the non-maximal nature of the subjoining is a consequence of the multiplicative
nature of the symmetric function S,(x).

5. Subjoinings specified by k,

To determine inequivalent maximal subjoinings other than those of § 3 it is important to
realise the nature of the transformations (2.9) with respect to which subjoinings are
equivalent. These transformations on Q imply, through (2.4), that for the subjoining
U(N)>U(n) the N weights of the defining representation {1} of U(N), which are
generated from the highest weight (1,0, 0, ..., 0) by the elements S of Wyn) = Sn, are
mapped by P onto a set of weights forming the basis of a permutation representation of
Wum) =S, in the sense that the action of each element T of S,, on a weight in this set
yields, in general, another weight in the set. If the subjoining is to be maximal then the
highest weight of this set must be unique and the whole set must be obtainable from this
highest weight by the action of elements of S,. Such a weight is said to be U(n)-
dominant (King and Al-Qubanchi 1980) and takes the form p = (p1, p2, . . ., p.) Where
p is a partition. The complete set of weights said to be U(n)-equivalent to p is defined
by

Co={m:m=Tp, T € Wy,,=S,}. (5.1

Inthecase @ = (p1, P2, ..., 0n) = (. ..2%21%10°) withn = apo+a;+az+ ..., the number
of distinct elements in C, is given by

cp=n!/ao!a1!a2!.... (52)

It follows that maximal subjoinings are specified by

Ulc,)>U(n) {1}» ZC explim. @). (5.3)
In the special case where p = (1, 0, 0, . . ., 0) and, correspondingly, ¢, = n it is clear that

(5.3) reduces to (3.13).
More generally, adopting the notation of (3.3) it follows that the right-hand side of
(5.3) is nothing other than the monomial symmetric function

kp(x)=Y x17 x5 x,™ (5.4)
where, as in the definitions of Littlewood (1950, page 63), Hall (1959) and Stanley
(1971), the summation is over those permutations 7 € S, leading to distinct monomials
in the components of x. The analogue of (3.7) is the expansion

ky(x)=7Y, Lpeu(x) (5.5)

ni=r
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which may be effected by the methods of Murnaghan (1938, page 163) or Littlewood
(1950, page 90).
Thus (5.3) may be written in the form

U(Cp)>U(n) {1}")kp = Z L:{IL} (5.6)

“Hr
where p is a partition of r. The corresponding branching rule takes the form
Ule)>Um) W=k, ® N =( 3 Lim}) @A) 57)
mEr

which yields the branching multiplicity coefficients through the algebra of plethysms.
An example of a maximal subjoining of this type is provided by

U(n(n-1))>U(n) {1} ka1(x)
=xfx2+xfx3+ AN +x:1’x,,+x§x1+x%x3+ ce
= ex(x)—2e3(x) ={21}—2{1%. (5.8)

This corresponds to
X' = exp(igs) +exp(iv) + . .. +exp(ivne-1)
=expli(2¢1+ d2)]+expli(2¢1+ ¢3)]+ ... +exp[i2d:+ )]
+expli(d1+2¢2)]+expli2d2+ p3)]+ . ..

=xs" = 2xs", (5.9
so that
(2 1 0 0]
2 1 00
200 ... 01
Q=0¢(k2)= . (5.10)
120 ...00
2 1 00
000 ... 1 2]
A typical branching is given by
Un(n—1))>U(n) {2} k2 @ {2} = (21} -2{1’h ® {2} (5.11)
=21} R}+2{(11® {1*) —221}. {*H + {17} . {13}
={42}- {321} - {313} +2{2°} + {2717} - {21%} + 3{15}. (5.12)

Two further examples of maximal subjoinings of the form (5.6) are provided by

U(n)>U(n) 1}» k3= S;={3}-{21}+{1%} (5.13)
and

UGn(n ~1)(n~2))>U(n) {1} > kip=es={1’}. (5.14)
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The former coincides with (3.17) and yields the branching (3.18), whilst the latter gives
UGn(n—1)(n—-2))>U(n) {2} k2 @{2}={1"}® {2}
={2%}+{21%. (5.15)

Furthermore, it is easy to see that (4.3) may be recovered by combining (5.12) and
(5.8) to give the subjoining chain

Un*) 2 Ur)xUn(n —1)>Un)xUx)> Un)
{1} {1} x {0} + {0} x {1} > k3 X {0} + {0} X kpy > k3 + ko3
={3}-21}+{1}+ {21} -2{1>} = {3} - {1’} =$,.. (5.16)
The corresponding branching rules yield
{2} > (2} < {0} + {1} x {1} +{0} x {2} = (k3 @ {2}) X {0} + k3 X k21 +{0} X (k21 ® {2})
= ({6} {51} +{417}+{3%} - {321} +{2°}) x {0}
+ ({3121} +H{Ph x {21} - 2{1°) +{0} x ({42} - {321} - {317} + 2{2%}
+{2°1% - 21+ 311%).
> {6} +{42) - {417} - (317} + {2171+ (1%} (5.17)

where use has been made of (3.18) and (5.12) to obtain, once more, agreement with
(4.6). In addition use has been made of the fact that the first stage is defined by the
subjoining

U(r*)2Un)xUn(n—1)) {1}=> {1} x{0}+{0} x {1} (5.18)
with branching rule
U(n*) = U(n)x Uln(n —1)) A}>Y mi Aot x{r} (5.19)

and the last stage is defined by (4.14) with branching rule (4.17), so that the relevant
coefficients are given in both cases by (4.19).

The non-maximal nature of (4.3) is thus illustrated not just by the existence of the
subjoining chain (4.7) but also by the existence of the subjoining chain (5.16). In the
latter case the corresponding factorisation of Q(S,;) is given by

Q(S2y) =
0 ... 00 0 ... 03 O 0000 o1 o 07
01 ...000 ... 0/(03 0000 oo 1 0
0 0 1 0 0/lo o 30 0 0 0 1
00 1 0o/lo o 21 0ll1 0
00 0 1 ollo o 2 2 0 1 ollo 1 0
00 0200 1ilo o 1.
0 0 0120 0
Loo...ooo...1__00...0000...2J

= Q{1}>x{0}+{0} x {1} Q (k3 x {0} + {0} x k21) Q ({1} +{1}). (5.20)
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The matrix Q(S;;) formed from this product is equivalent to the matrix formed from the
product (4.11) under the transformation of the form (2.9) in which § permutes the rows
appropriately and T is the identity.
More generally, the non-maximal nature of (4.2) is illustrated not just by the
existence of the chain (4.20) but also by the existence of the chain
U(n®) 2 U(co)) X Uley@) X Ulcu@) X . .. >Ur)xUn)xUn)x ... >U(n)
{1} -{1}x{0} x{0} x ... +{0} x{1} x{0} x ... + {0} x {0} x {1} x ... + ...
> k)X {0} x{0}x ... +{0} X ko x{0}x ... + {0} x {0} x kX ... +...
_)ku(1)+kv(2)+kv(3)+ e =Sp (5.21)

where the partitions »(1), »(2), »(3), . . . may be found by making use of the expansion
given by Littlewood (1950, page 63):

Se(x) =2 ¢k, (x)

vi—r

=k,;(%) + koo (x) T kua(x)+ . (5.22)

in which the coefficients ¢, are known compound characters of S,. The corresponding
branching rule takes the form

{A}- > Moween. oD} x{e@)}x{e3)}x. ..

o(1},0(2),0(3)...

- Y Momo@eo.. (kva) @{o (DN X (ko ® a2 x . ..

o(1),02),03)...

- > Mane@ed.. kv @{e (DD . (kv @ {a)}) . .. (5.23)

o1),0(2),0(3)...

where

{ocD)} {a2)} . {o3)}... =; Mowe@ed. (A} (5.24)

This illustrates quite clearly the fundamental nature of the subjoinings defined by (5.6)
which include all possible maximal subjoinings of U(n) to U(N).

However not all such subjoinings are maximal, as can be seen by considering the
example

Uln(n—1))>U(n) {1} > kaa(x) (5.25)
which may be defined by the chain
Un(n—1)>U(n(n-1))>U(n) {1} ko> k4> (5.26)

where the first stage is just a particular case of the subjoining (3.13) since k, = S, and the
second stage is defined by (5.8) since

k21 ® k2=k42. (5.27)
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The corresponding factorisation of Q is given by

4 2 0 0 O 2 0 ofl2 1 0 0 0
4 0 2 ... 00 0 2 0|2 0 1 0 0
Q(k42) = = :
000 ..24/ 00 ..2/l000..12
= Q(k2)Q(k21), (5.28)
whilst the branching rule takes the form
Un(n—1))>U(n(n—-1))>U(n) A}> k2 ®{A} > k21 ® (k2 ®{A))
= (k21 @ k) @{A} =k ®{A}. (5.29)
In general, the subjoining (5.6)
Ulc,)>U(n) {1}~> %,
with p = (p1, 02, - . ., Pp), is maximal if and only if p;, p,, ... and p, have no common
factor. If, on the other hand, g is the highest common factor so that p=
q(oy, 02, . . ., 0,) then there exists the chain
U(cp) =Ulce) > Ulco) > U(n) {1}> kg >k, (5.30)
with branching rule
A=k, @A} ko @ (kg R{AD = (ke R ky) ® {A}
=k @{A}=k, ®{A}. (5.13)

6. Subjoinings specified by e,,

Subjoinings include embeddings as a special case. These are those subjoinings of the
type (2.3) in which the branching multiplicities B4S, are restricted to be non-negative
integers for all irreducible representations Ag and uy of G and H respectively. Insucha
case it is conventional to write G © H rather than G>H.

In the case of the group G = U(N) embeddings are defined as in (2.11) by

U(N)>H {}>qu=Y Bilpu=pu(D)+pua@+..., 6.1)

where necessarily

N=N,+N;+... (6.2)
and
N; = dunii) (6.3)

is the dimension of the irreducible representation (). This embedding is clearly not
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maximal by virtue of the existence of the chain
UN)2UN)XU(N2)x...2HxHx...oH

{1} {1}x{0}x ... +{0}x{1}x ... +...
S>pu(D) XX . +gaXpua@)X ..o+
> pu(D)+pu@)+. .. (6.4)

where nu denotes the identity representation of H. The corresponding branching rule
is:

11> Y  miaew. lox{e@)}x...

o(1),a2),...

> Y miuen. ua(H@ e x(pa)@{oc@)) % ...

a(1),o(2),..

> Y meme. (a)@{eL)D . (nu2) @{a@)}) ...

a(1),a(2),...
= (pa()+pu)+..) @A} (6.5)

precisely as in (5.24).
It follows that the maximal embeddings in the unitary group are of the form

Uldw)>H {1}~ pu. (6.6)
Confining attention to the cases for which H = U(n) this yields the maximal embeddings

Ud)2Um)  {1}>en={n}=x4’ (6.7)
with corresponding branching rules

U(d,) 2 U(n) {A}oe. ®{A}={u}®{A}, (6.8)

where use has been made of (3.2) and (3.4).
It should be stressed that although (6.7) is a maximal embedding it is not, in general,
a maximal subjoining. This is a consequence of the expansion

eu(X) =) Kiko(x) =ko)(x) + koy(x)+ . .. (6.9)

where K*, is a non-negative integer, which is an element of Kostka’s matrix as discussed
by Littlewood (1950, page 191) in terms of standard Young tableaux. These
coefficients are nothing other than U(n) dominant weight multiplicities, as stressed
more recently (King and Plunkett 1972, 1976) by virtue of the expansion of unitary
group characters in accordance with (2.2):

X =e,(x)=Y K% Y exp(im.d) (6.10)

meC,
so that
M¥ =M =K for m e C,. (6.11)
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If the expansion (6.9) contains more than one term the maximal embedding (6.7) is a
non-maximal subjoining as indicated by the existence of the chain

U(d,) 2 Ulcpa)) X Ulcp) X . .. >Um)x U(n) x ... 2 U(n)
{1}=> {1} x{0}x ... +{0}x{1}x...+
> ko) X{0}X .. H{O} X kg X .+
s> koytkont ... =eu(x), (6.12)
exactly as in (5.21). The corresponding branching rule yields (6.8) in the form

) ® 4} =(3 Kk, (1) © ) 6.13)

Just as the only subjoinings defined by (4.1) which may be maximal are those of the
form (3.13), corresponding to the identity S, = k,, so the only embeddings defined by
(6.7) which may be maximal subjoinings are those for which u ={1"} corresponding to
the identity e:- = ki~ Such an example is provided by (5.14).

7. Branching rule evaluation

It has been tacitly assumed in all the previous sections that tables of piethysms of the
form {u} ® {A} are available, as indeed they are in the work of Ibrahim (1950), Butler
and Wybourne (1971) and Vanagas (1971), for example. This together with the algebra
of plethysms given by Littlewood (1950, page 290) leads to the validity of all the results
of the form (3.18), (4.6), (4.10), (5.12) and (5.17) given here. It should be pointed out
that quite apart from the use of recurrence relations and the like to obtain such tables,
the most straightforward way of defining a plethysm is as a mapping between weight
spaces (King and Plunkett 1972) corresponding to a substitutional operation as stressed
by Read (1968) and Thomas (1976). This definition allows for the evaluation of
plethysms of any sort of symmetric functions by a straightforward enumerative pro-
cedure.
In general the subjoining of U(xn) to U(N) is defined by

N
UWN)>U(n) {1} =exp(iy) +explis) + ... +exp(ivn) = ; y;
> q(x)=Y Bi)iu}= 2 Blhe(x

=Y B en(explicy), explisss), . . . , explicn)) (7.1)

where, in addition to using (3.3), it has been convenient to introduce
y; = exp(iy;) forj=1,2,...,N. (7.2)

Here N is the number of terms in the expansion of the right-hand side to give the
particular symmetric function g(x), so that

N=q(1,1,... ZBE}}} (7.3)
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The corresponding branching rule is then
UN)>U(n) {A}>qx) ®{A}, (7.4)
which may be evaluated by noting that, just as in (7.1),
{1}=eily) =q(x), (7.5)
so in (7.4)
{Al=er(y)=qx) ®{A}. (7.6)
For example, if
{B1=ei(y)=yi+yat... +y.=Ss(x)=x7 +x3 +...+x) (1.7)
as in (3.17), then
2} =ex(y) =yl +yiyatyiyat o Ay Ty tyayst . Fyayat . Hyn
=x? +x?x% +x?x§ +... +x?xi+x§ +x§x§ + ... x%xi+ e -+-x?l
=ke(x)+ ka2 (x)
= eg(x) —es1(x) + es12(x) + e32(x) — €321 (x) + e23(x), (7.8)

where the last line may be seen to be valid by consulting the weight multiplicity table:

ke ksi  kay  karz kst ks kar kpd ka2 Koyt kyo

5 1 1 1 1 1 1 1 i 1 1 1
—esy -1 -1 -2 -1 -2 -3 -2 -3 —4 -5
€412 1 0 1 3 1 3 6 10
es2 1 1 1 1 2 3 5
—esn -1 -2 -2 -4 -8 -16
ey3 1 1 2 5
S;3®e; 1 0 0 0 1 0 0 0 0 0 0

obtained from a more complete tabulation (King and Plunkett 1976). Alternatively,
use could be made more directly of the matrix L in (5.6) which is the inverse of the
weight multiplicity matrix K of (6.10). This result (7.8) confirms (3.18).

Similarly, if

{I}=ei(y)=yi+yat ... +Yun-1n=kalx)

=xlxatxinst . A Xk F XX xS . (7.9)
as in (5.8), then ‘
{2}=exy) = )’% +yiya+ ... )’1)’n(n—1)+)’§ +yayz+ ...

=xixd +xtxaxat .. A xixox,_x+xix2 +xtxaxat ..., (7.10)

In order to evaluate this expression it is only necessary to establish in how many distinct
ways the leading term x7'x52. . . of k,{x) may be formed for each partition p of 6. These
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leading terms arise in the following way:
yi=x1x3 210..)210...)>(420...)
yiya=xixaxs; 210..)0Q201..)-411..)
yiva=xix3  (210..)120..)>330..)
yaya=xixaxs (201..)120..)>321..)
)’1)’2n=)’2yn+1=)’n}’2n—1=x%x§x§
2100..00120..)»(2220..)
2010..500210..)»12220..)
(1200..501020..)>2220...
Y2Yn+2 = Y3Ynr1 = X1X3X3%4
2010..)0201..0>2211..)
2001..0210..0»2211... (7.11)
This is sufficient to show that:
{2} = ea(y) = kaa(x) + kar2(x) + k32(x) + k321(x) +3k23(x) + 2 k2212(x)
= e2(x) —esn1(x) —e313(x) + 2e22(x) + e2212{x) — e214(x) + 3e15(x), (7.12)

in agreement with (5.12), where once again recourse has been made to weight
multiplicity tables (King and Plunkett 1976) which yield:

kaz  kar ka2 kaan ka3 kpt ka2 kot kg

€4 1 1 1 2 3 3 4 6 9
—e321 -1 -2 =2 -4 -8 -16
—e3;? -1 0 -1 -4 -10

2¢,? 2 2 4 10

€212 1 3 9
~e214 -1 =5

36’15 3

ka1 ® ey 1 1 1 1 0 3 2 0 0

This last example illustrates that the method is both powerful and straightforward
when maximum use is made of the Weyl symmetry groups of U(N) and U(») to limit the
required projections to those of the type (7.11) onto the highest weights p of each set
C,. This has previously been used in the evaluation of S-function plethysms (King and
Plunkett 1972) which depend, as do the calculations here, essentially upon the
evaluation of the coefficients in

ko, ® kx =Y, Pisk,. (7.13)
Thus only the first term of (7.11) contributes to k,; ® k,, whilst all the others
contribute to k31 ® k12 = ka1 @ e12. Hence, as in (7.12),
{12} = e12(y) = kar2(x) + ka2(x) + k3z1(x) + 3k23(x) + 2 k21 (x)

= e412(x) + e32(x) —ean1(x) — 2e313(x) + 3ez3(x) + e214(x) + e15(x)
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by virtue of the table

ka2 ka2 ks kar ka3 kp22 kpt ke

€412 1 0 1 3 1 3 6 10
e3? i 1 1 1 2 3 5
—e3n -1 -2 -2 -4 -8 -16
—28313 -2 ¢ ~2 -8 -20
3e,2 3 3 6 15
2714 1 5
eys 1
k21 ® e;2 1 1 1 0 3 2 0 0

8. Conclusion

From the remarks at the beginning of § 5 it is easy to generalise the maximal subjoinings
of U(n) to U(N) specified by (5.3), to the case of subjoinings of any compact Lie group
H to U(N). The corresponding specification is

U(N)>H {1}»wo= Y. explim.e) (8.1)

where py is an H-dominant weight of H (King and Al-Qubanchi 1980)

Cop={m: m=Tpy, T Wy}

and
N =cp,=|Coyl-

The corresponding branching rules take the form:
Ulep) > H A} w,, @ {A} (8.2)

with this plethysm defined by the mapping between weight spaces fixed, up to
equivalence under transformations of the type (2.9), by (8.1).

It is thus a straightforward matter to determine subjoinings of the type (8.1) by
studying the weight multiplicity tables of both the classical (King and Plunkett 1976)
and exceptional (King and Al-Qubanchi 1978, 1980) Lie groups. To be precise, if the
dominant weight multiplicities of these groups are denoted by M5, where py specifies
the dominant weight and uy the irreducible representation in which this weight has
multiplicity M 5¥, then the triangular nature of the weight multiplicity matrix, which has
each of its diagonal elements equal to 1, is such that it is easy to invert. This yields a
matrix whose elements define the expansion analogous to (5.5):

Wou= 2 Liiptr. (8.3)
[23%3
This relation allows (8.1) to be written in the required form, namely

U(N)>H {1}swo,=Y, LiHpy (8.4)
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with
N=Y Lhkud, =c,, (8.5)
MH

This specification serves to define
Q = Qupu = Q{wg,,)

and the corresponding branching rule takes the form
UNSH (010, ®4)= (T L) © 1AL (8.6)
[13%4

In general the subjoinings (8.1) are not maximal in the sense that there may exist a
chain of the form

UN)2G>H {1} > wg = wpy, 8.7
where wg is the defining representation of a group G of dimension d,;, =N =¢,,. In
the case of a semi-simple compact Lie group H some such group G almost invariably

exists for each py. This group G may be anything from SU(N) to O(N), Sp(N) or even
H itself. The problem is to determine G such that the second subjoining of (8.7)

G>H WG > Wy, (8.8)

is maximal.

Furthermore, for certain groups G the defining representation w contains a second
G-dominant weight in addition to wg itself. This is the null vector 0 which has
non-vanishing multiplicity

ng=Mg®° (8.9)
in the cases for which G is SO(2k + 1), G,, F4 or Eg. There then exist chains of the form

UN)>G>H {1}» wg—1ns0-> w,, (8.10)
with the second subjoining, which is maximal, defined by

G>H WG > Wy, + ns0. (8.11)

It is hoped to take up these points in a forthcoming paper.

At this stage it suffices to claim that the present paper sheds further light on the
concept of subjoining introduced by Patera and Sharp (1980). For example, the special
case of (3.13) with n =2 and the imposition of the unimodular condition gives

SU(2)>SU(2) {1}~ S, = exp(ird ) +exp(irg,) = explirg) + exp{—ire)
=} --1,1)
={r}—{r-2} (8.12)

in accordance with the result (3.2) of Patera et al/ (1980), whilst (3.13), (4.1), (5.6) and
(6.7) provide a wealth of generalisations. For other groups (8.7) and (8.10) provide the
key to the determination of all maximal subjoinings. The only remaining task is the
identification of G. This has been done in some cases by Patera et a/ (1980) whose
illustrations of maximal subjoinings can all be shown to be of the form (8.8) or (8.11).
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